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Abstract 



We prove dispersive estimates for solutions to the wave equation with a real- valued potential 
V e L°°(R n ), n > 4, satisfying V(x) = 0{{x)- {n+1 ^ 2 - c ), e > 0. 



1 Introduction and statement of results 

Let V £ L°°(R. n ), n > 4, be a real- valued function satisfying 



\V(x)\<C(xY 



Vx e R n , 



(1.1) 



with constants C > and 5 > (n + l)/2, where (x) = (1 + jx) 2 ) 1 / 2 . Denote by Go and G the self- 
adjoint realizations of the operators —A and —A + V{x) on L 2 (R n ). It is well known that the 
absolutely continuous spectrums of the operators Go and G coincide with the interval [0, +oo). 
Moreover, by Kato's theorem the operator G has no strictly positive eigenvalues. This implies 
that G has no strictly positive resonances neither (e.g. see ^0] )• Throughout this paper, given 
1 < p < +oo, LP will denote the space L p (R n ). Also, given an a > denote by \a £ G°°(R) a 
real- valued function supported in the interval [a, +oo), \a = 1 on [2a, +oo). Our main result is 
the following 

Theorem 1.1 Assume (1.1) fulfilled. Then, for every a > 0, 2 < p < 2 ^_ 3 1 ^ , there exists a 
constant C > so that the following estimate holds 



e ^ ( ^ r «(n + l)/2 Xa( ^ ) 



< C\t\ 



-a(n-l)/2 



Lp'^Lp 

where 1/p + 1/p' = 1, a = 1 — 2/p. Moreover, for every a > 0, 2 < p < +oo, u;e /iaue 



e «V5( A /G)-«(»- 1 ) Xo ( > /G) 



where 1/p + 1/p' = 1, a = 1 — 2/p, and, V0 < e <C 1, 



< c\t 



-a(n-l)/2 



Vt / 0, 



< G e |tr a(n ~ i)/2 , vt^o. 



;i.2) 



;i.3) 



;i-4) 



Remark 1. It is easy to see from the proof that the estimates (1.3) and (1.4) hold true for 
p = +oo, p' = 1, with (VG)- a replaced by (VG)' 1 ^, Ve > 0. 
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Remark 2. It is also clear from the proof that the following intermediate estimate between 
(1.2) and (1.3) holds: 

| e itV^(^-a((n+l)/2+«) Xo (^| ^ < c ,| < |-o(n-l)/2 j y t _a Q] ( L5 ) 

for every < q < (n — 3)/2 and for 2 < p < 2 ^-3~2q^ ■ 

Remark 3. The desired result would be to prove (1.2) for n > 4 and for all 2 < p < +oo, 
but we doubt that such a statement can be proved without imposing extra assumptions on the 
potential. Since in (1.3) we have, roughly speaking, a loss of (n — 3)/2 derivatives, it is natural 
to expect that it suffices to control the behaviour of (n — 3)/2 (radial) derivatives of V in order 
that (1.2) holds true for all 2 < p < +oo. In the case of the Schrodinger group Goldberg and 
Visan [Hj have recently showed that there exist compactly supported potentials V S C k (R n ), 
\/k < (n — 3)/2, for which the optimal (without loss of derivatives) L 1 — ► L°° dispersive estimate 
fails to hold, and this is a typical high frequency phenomenon. Similar thing should occur in 
the case of the wave group, too. 

Remark 4. Note that given a smooth, bounded function / supported in the interval (0, +oo), 
the operator- valued function f{y/G) is well defined even if the operator G is not non-negative. 
In particular, the operators above are well defined. 

Remark 5. The operator G may have in general a finite number of eigenvalues Xj < as 
well as a resonance at zero. We eliminate the influence of these points to the decay properties 
of the wave group by cutting off with the operator XaW~G). It is natural to expect that if the 
zero is neither an eigenvalue nor a resonance of G, the statements of Theorem 1.1 hold true with 
Xa replaced by the characteristic function, \-> 01 the interval [0, +oo) (the absolutely continuous 
spectrum of G) and (VG)- (n_1) replaced by (VG)-^ 1 ^ 2 (G)~ {n - 3)/A . To prove this, it suffices 
to show that the estimate (1.2) holds in this case for all 2 < p < +oo with \a replaced by 
x(l — Xa) with some a > small enough. The proof of such an estimate, however, requires 
different techniques than those developed in the present paper. 

It is well known that (1.2) for all 2 < p < +oo holds true for the free operator Go with 
Xa = 1 in ah dimensions. Recently, (1.2) for all 2 < p < +oo has been proved in when 
n = 2 and n = 3 by a different method (using some properties of the resolvent of Go which 
are no longer valid when n > 4). For n = 3, an analogue of (1.2) (for 2 < p < 4) is proved 
by Georgiev and Visciglia [Jj for non- negative potentials satisfying (1.1) as well as an extra 
regularity assumption. Beals and Strauss proved an analogue of (1.2) in all dimensions n > 3 
(for 2 < p < ) for a class of non- negative potentials decaying much faster at infinity than 

those we consider in the present paper, while Beals [I] proved the estimate (1.2) with a loss 
of e-derivatives for n > 3 and all 2 < p < +oo for potentials belonging to the Schwartz class 
S(R n ). Recently, in [3] an analogue of (1.2) with n = 3 has been proved for a class of potentials 
satisfying (1.1) with 4/3 < 5 < 2, but with a weaker decay as \t\ — * +oo. Note also the work 

where a better time decay than that in (1.2) has been obtained on weighted L p spaces for 
potentials satisfying (1.1) with n = 3 and 5 > 2. In the case n = 3 D'ancona and Pierfelice [S] 
obtained dispersive estimates for real-valued potentials, V, belonging to a quite large subset of 
the Kato class (with a small Kato norm of the negative part of V). Assuming additionally that 
G has no real resonances, they proved the estimate 



sin 



(tVG[ 



G 



<G|£|-\ Vt^O, (1.6) 
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where B\ 1 is the homogeneous Besov space. Note that a similar estimate to (1.6) ( with B\ 1 
replaced by VK 1,1 ) has been recently proved by Krieger and Schlag (see Section 5 of [5]) still in 
dimension n = 3 for potentials satisfying (1.1) with 5 > 3. 

Our method is quite different from those used in the papers mentioned above. It consists 
of reducing the estimates (1.2)-(1.4) to semi- classical ones (see Theorem 4.1) valid for all 2 < 
p < +oo, which in turn makes easier applying interpolation arguments. On the other hand, 
the estimates of Theorem 4.1 are reduced to uniform L 2 — ► I? estimates for the operator 
e lt ^ ip{hy/~G) , < h < 1, (f G Cq°((0, +oo)). These latter estimates are proved in Section 3, 
using the properties of both the free and the perturbed resolvents on weighted I? spaces. In 
Section 2 we prove some properties of the free wave group e i ' v/ *^° (see Proposition 2.1), which 
play an essential role in our proof of the above estimates. Note that the method presented here 
works also for n = 2 and n = 3, but in this case a simpler proof (of (1.2) for all 2 < p < +oo) is 
given in 4,- That is why in the present paper we will treat the case of n > 4 only. 

Similar ideas have been used in [TT| to prove L 1 — ► L°° dispersive estimates for the Schrodinger 
group e ttG in the case n = 3 for potentials satisfying (1.1) with 6 > 5/2. The method of |llj 
actually works in all dimensions n > 3 for potentials satisfying (1.1) with 5 > (n + 2)/2 (see 
|12j ) and gives L 1 — ► L°° dispersive estimates for e ltG with the right time decay for \t\ 3> 1, but 
with a loss of (n — 3)/2 derivatives similarly to the dispersive estimate (1.3) for the wave group. 

2 Preliminary estimates 

The following properties of the free wave group will play a key role in the proof of our dispersive 
estimates. 

Proposition 2.1 Let ip € Cg°((0, +oo)). For every < s < (n - l)/2, 0<e<l, Q<h< \ , 

Vt, (2.1) 
Vf + 0, (2.2) 
s , Vi / 0, (2.3) 

|i, V/a 1 , (2.4) 
TOf/i a constant C > independent oft, h and f. 

Proof. We will prove these estimates for all n > 2. We are going to take advantage of the 
formula 

etty/GZpQiy/Gh) = (vri)" 1 J™ e itx ^{h\) (i2f(A) - i? (A)) AdA, (2.5) 

where i?^(A) are the outgoing and incoming free resolvents with kernels given in terms of the 
Hankel functions by 

[ltf(A)](s,y) = ±1 ( A _ )^(A|x - 2/|), 



< c/ l -("+ 1 )/ 2 ii|-("- 1 )/ 2 , 



< Ch^ n+l ^ 2 \t\ 



\2s 



{x)- 1 / 2 - s - e j tVG °cp(h^)f 



L2 
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where v = (n— 2)/2. Hence, the kernel of the operator e lt ^° \p(h^/Go) is of the form Kh(\x—y\,t), 
where 



K h (a,t) 



a 



-2u 



(2vr)^ 



+1 



e itx ip(h\)J l/ (aX)Xd\, 



(2.6) 



where J v [z) = z u J l/ (z), J u {z) = (H+(z) + H u (z))/2 is the Bessel function of order v. We will 
first show that the above estimates follow from the following 



Lemma 2.2 For every < s < (n — l)/2 ; a > 0, t ^ 0, < h < 1, we have 

\K h (a,t)\ < C\t\~ s h-^ n+1 ^ 2 a^ n ^l 2+s , 

/oo 
\t\ 2s \K h (a,t)\ 2 dt < Ch^a-^- 1 ^ 23 , 
-oo 

/ a n ~ l \K h {o-,t)\do-<C\t\- {n ^/ 2 , \t\>l, 
Jo 

with a constant C > independent of a, t and h. 



(2.7) 
(2.8) 

(2.9) 



Clearly, (2.1) is trivial for \t\ < 1, so we may suppose that \t\ > 1. Given a set M C R n 
denote by r](M) the characteristic function of M. We have 



(x)- s e ltVU ~\(hVG )(xY 



< 



+ c(ty 



r](\x\ < \t\/4)e u ^ G MhVG~oM\x\ < \t\/4)\ ^ ^ 
In view of Schur's lemma the norm in the RHS of (2.10) is upper bounded by 



(2.10) 



sup / \K h (\x-y\,t)\dy<[ \K h (\Z\,t)\d£ 

M<|*|/4.%|<|t|/4 J\Z\<\t\/2 

< C [ m a n ~ l \K h {a,t)\da < C\t\-^ n -^/ 2 , 
Jo 



(2.11) 



where we have used (2.9). Now (2.1) follows from (2.10) and (2.11). Clearly, (2.2) follows from 
(2.7) with s = (n — l)/2. To prove (2.3) observe that in view of (2.7) we have 



-l/2-s-e 



L 2 ~>L°° 



< sup / \K h (\x-y\,t)\ 2 {x)- 1 - 2s - 2 'dx 

t/£R" JR" 



< Ch-* 1 - 1 ^ 23 sup 
yew 



) / \x — 



-(n-l)+2s 



(X) 



-^ 2s ~ 2e dx < ch-^nr 23 , 



(2.12) 



which is the desired result. To prove (2.4) observe that for any / £ L 1 , we have 

(xrW-'-'e^tpihy/GM < I (x)- l l 2 - s ^\K h {\x-ylt)\\f{y)\dy 

JR" 



< 



(X) 



-l-2s-2e 



\K h (\x-y\,t)\ 2 \f(y)\dy 



1/2 



x 1/2 

\m\dy) 
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Hence, 

{x)- 1 ^- 8 - e e it ^ ! °(p{hy/Go)f 
Thus we obtain 



L 2 



< 



R" JR" 



(X) 



-l-2s-2e 



^(|x-2/|,t)| 2 |/(2/)|dxdy. 



/OO 
\t\ 2s (x)- 1 / 2 - s -'e u ^ i p(hVG'o)f 
-oo 

<\\f\\L> / (x)- 1 - 2 ^/ |t| 2 ^(|x-y|,t)| 2 di|/(y)|ctedy 

JR" iR" J-oo 

<||/|||isup/ (x)- 1 - 2 '- 26 / |t|*|tf h (|z-y|,t)| 2 dtdx 

i/ER" JR" ./-oo 

< C*^ n H/llii sup / (x)- 1 - 2 *- 2 ^ - y| -("- 1 )+ 2s dx < Ch- n \\f\\ 2 Ll , 

2/6R" JR" 

where we have used (2.8), which is the desired result. 

Proof of Lemma 2.2. It is well known that the function J v (z) satisfies the bounds 

d k Mz) <C k z^l 2 , z>l, 



(2.13) 



(2.14) 



for every integer k > 0, while near z = the function J v [z) is equal to z 2v times an even analytic 
function. Therefore, when n > 3, we have 



dzMz)\ < Cz n - 2 ~ k , 0<z<l, 
for all integers < k < n — 2. For n = 2, we have 

d*Jo(z)\ < Cz k , < z < 1, fc = 0, 1. 
Thus, when n > 3, we obtain 

< C^ n - 2 - fc <z)-( n - 1 )/ 2+fc , Vz > 0, 
for all integers < k < n — 2. For n = 2, we obtain 

d k z Jo{z) < Cz k {z)- 1 l 2 - k , \/z > 0, k = 0, 1. 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



Let n > 3 and let m be any integer such that < m < n — 2. Integrating by parts m times the 
integral in (2.6) and using (2.17), we obtain 



\t m K h (a,t)\ < h- l a 



f 

JO 



e ltx d^{${h\)J v {a\))d\ 



< Ch- 2 a- 2u ]T h m ~ k o- k / 

fc=0 



(hX) 
d k J u 



d k J v 



dX k 



(aX) 



dX 



dX k 



(aX/h) 



dX 



< CbT 2 a- 2v J2 h m - k a k {a/h) n - 2 - k {a/h)-^-^l 2+k 



k=0 



< Ch m - n {a/h)-^ n -^' 2+m , 



(2.19) 



where 99(A) = A</?(A). Clearly, (2.19) holds for all real < m < n — 2, and in particular for 
m = s, < s < (n — l)/2. When n = 2 one can see in the same way, using (2.18) instead 
of (2.17), that (2.19) still holds for m = and m = 1, and hence for all real < m < 1. In 
particular, (2.19) holds in this case with m = s, < s < 1/2. Now (2.7) follows from (2.19) 
(with m = s) and the inequality 

(cr//i)- (n - 1)/2+s < jjfa-iya-v-C"- 1 )/^, o < s < (n - l)/2. 

Let n > 3 and let m be any integer such that < m < n — 2. By PlancherePs identity and (2.6), 
(2.17), we obtain 

\t\ 2m \K h (a,t)\ 2 dt = Ch- 2 a- 4u / \&£ {${h\)J v {a\))\ 2 dX 

oo JO 



< Ch- 2 a- 4u V h 2 ( m -Va 2k / 

< ch- 3 a- 4 »jrh 2 ( m -v<T 2k [ 

1. r> JS\ 



Qra-k~ 



Q\m-k 



^(hX) 



d k J v 



k=0 



supp ip 



d k J v 



dX k 



dX k 



(aX/h) 



(aX) 



dX 



dX 



< Ch~ 3 a- 4u h^ m - k ^a 2k (a/h) 2 ^- 2 - k ^(a/h)-^ +2k 



k=0 



< Ch 2m - 2n+1 {a/h)-( n -V +2m . 



(2.20) 



Clearly, (2.20) holds for all real < m < n — 2, and in particular for m = s, < s < (n — l)/2. 
When n = 2 it is easy to see, using (2.18) instead of (2.17), that (2.20) still holds for m = 
and m = 1, and hence for all real < m < 1. Now (2.8) follows from (2.20) in the same way 
as above. To prove (2.9) we will use that J v {z) = e J2 6+ + e~ lz b~, where b^(z) are symbols of 
order (n — 3)/2 for z S> 1, and satisfy the bounds 



d k z bt(z) 



< C k z^/ 2 - k , z > 



(2.21) 



for every integer k > and every zq > with a constant Cfc > depending on zq. Write the 
function in the form + , where 



h- x o- 2 " 



(2vr) y 



+i 



i(t±a)\ 



¥{hX)bt(aX)dX, 



ip being as above. By (2.7) we have 



[ H a^K^a-t^da < C^ (rx ~ 1)/2 1 1 1 ~ (ri ~ 1)/2 , 
Jo 



(2.22) 



(2.23) 
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so it sufices to show that 



[ m ' a n - l \K±{a;t)\da < C\t\^ n ~ 1 ^ 2 . (2.24) 

J h 

Integrating by parts n times the integral in (2.22) and using (2.21), we obtain, for h < a < \t\/2, 
t n K±(a,t) < Ch' l a' 2u / \dl {tp(h\)Vt(<r\))\d\ 

J 

gn-k~ 



< ch- i <j- 2v Y, hn ~ k<jk 

k=0 



dX 



n—k 



(hX) 



•kh± 



d k b 



dX k 



dX 



< ch- 2 o- 2v J2 hn ~ k<jk I 

k=0 Js 



I supp if 



Qk h ± 



dX 



< Ch- 2 a- 2v Y j h n - k a k {a/h) { - n -^' 2 - k < Ch^'^a'^/ 2 . 



(2.25) 



k=0 



Hence 



r\t\/2 r \i\iA 

\ o n - x \K±{o-t)\do < Cbp-W\t\- n / a^-Wda < Ch^/ 2 \t\-^' 2 , 

J h J h 

which implies (2.24). 

We will also need the following 



"1*1/2 



□ 



Lemma 2.3 Assume (1.1) fulfilled. Then, for every if 6 Cq°((0, +oo)), < s < 5, 1 < p < oo, 
< h < 1, we have 

<C, 



L 2 ^L 2 



(x)- s <p(hVG ){x) 

(x}- s <p{hVG)( x y 

(<p(hy/G^) - <p(hVG)) ( 

ip(hVG) 
p(hVG) - ip(h^) 

(p(hVG) t0 _ < Ch~ n ^~'\ 



< Ch 2 , 



Lp^Lp 



Lp^Lp 



< Ch 2 , 



L 2 ^LP 



< Ch~ n ^'p\ 



L 2 ->LP 



(ip(hVG) - <p(hy/G^)) (x) ! 
with a constant C > independent of h. 



L 2 ^LP 



< ch 2 -^, 



(2.26) 
(2.27) 
(2.28) 
(2.29) 
(2.30) 
(2.31) 
(2.32) 
(2.33) 
(2.34) 
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Proof. Define the function ijj G Cq°((0, +00)) by ip(a 2 ) = f(a). We will make use of the 
Helffer-Sjostrand formula 



^(h 2 G) = - ( ^±( z )(h 2 G-z)- l L(dz), 

IT Jc OZ 



(2.35) 



where L{dz) denotes the Lebesgue measure on C, and tp £ Cq°(C) is an almost analytic contin- 
uation of tp supported in a small complex neighbourhood of supp tp and satisfying 



dip 
cfz 



CO 



<C N \lmz\ N , WV>1. 



Therefore, (2.26) would follow from the bound 

(xy^^Go-zr^xy 



L 2 ^L 2 



< C\lmz\- qi ., 



(2.36) 



for z G Cif, := supp ip, Imz / 0, with some constants C, q\ > independent of h and z. To 
prove (2.36) we will use the identity 

(x)- s (h 2 G - z)- 1 ^) 3 = (h 2 G - z)- 1 + h 2 (x)- s (h 2 G - z)- 1 ^, (x) s ](h 2 G - z)~\ 

together with the bound 



(hv x y(h 2 G - z)- 1 l2 ^ l2 < C\Imz\-\ j = 0, 1. 



(2.37) 



Thus we obtain 



+Ch 2 



{x)- s {h 2 G Q -z)- l {x) s 

(xys^Go-zy^xy- 1 



L 2 ^L 2 



< C 



(h 2 G Q - z)- 1 



L 2 ^L 2 



(jv^Go-zy 1 
< Cllmzl" 1 (l + h \\(xy s (h 2 G - z)- l (x) 



L 2 ^L 2 
l/™\s-l 



+ 



L 2 ^L 2 



L 2 ^L 2 

(h 2 G - zy 1 

)■ 



L 2 ^L 2 



Repeating this a finite number of times leads to (2.36). 

The estimate (2.27) follows from (2.26) and (2.28). To prove (2.28) we use (2.35) to obtain 



L 2 ^L 2 



< 0(h 2 ) [ 
Jc 



dip 
&z 



G) - ^(h 2 G )) (x) 
(h 2 G - z)- 1 y(/i 2 G - zy 1 {x) s 



L 2 ->L 2 

<o N (h 2 )f \imz\ N {h 2 G- z y l r2 r2 (xys^G-zy^xy 

which together with (2.36) and (2.43) below imply the desired result. 
The estimate (2.29) follows from (2.35) and the bound 



L(dz) 



L 2 ^L 2 



L(dz), 



(tfGo-z)- 1 <C\lmz\- q2 , 



(2.38) 
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for z G Cy,, Imz ^ 0, with some constants C,q2 > independent of h and z. The estimate 
(2.30) follows from (2.29) and (2.31). Using (2.35) as above, we obtain 



iP(h 2 G) - V(/i 2 G ) 

< N (h 2 ) ( \lmz\ N (h 2 G-z 
JC.I, 



Lp^Lp 



LP—>LP 

Thus, (2.31) follows from (2.38), (2.39) and the bound 



(h 2 G - z)" 1 L(dz). (2.39) 



Lp^Lp 



{tfG-zy 1 



Lp^Lp 



< C\lmz\- q3 , 



(2.40) 



for z G C^, Imz / 0, with some constants C, q% > independent of h and z. Observe next that 
by the resolvent identity we can write 

M 

(h 2 G - z)- 1 = J2 h 2j ((h 2 G - z)- l v) ] (h 2 G - z)' 1 



j=0 



M 



+h 2M+2 f {h 2 G(j _ z yly\ {h 2 Q _ ^-1^2^ _ z) 



-1 



(2.41) 



for every integer M > 1. Taking M big enough, it is easy to see that (2.40) follows from (2.41) 
together with (2.38) and the following well known bounds 



(h 2 G - z)- 1 



LP^L 2 



+ 



(h 2 G - z)- 1 



L 2 ^LP 



< Ch- q \Imz\- q -\ 



for z G Cv,, Imz ^ 0, with a constant C > independent of h and z, where q = n 



1 _ l 

2 p 



(/i 2 G - z) 



-i 



< llmzp 1 . 



(2.42) 
, and 
(2.43) 



The estimate (2.32) follows from (2.35) and (2.42), while (2.33) follows from (2.32) and (2.34). 
To prove (2.34), we use (2.35) to obtain 



(tP(h 2 G) - ^(h 2 G )) (x) 



< N (h 2 ) ( 
Jc 



llm z 



N 



{tfG-z)- 1 



L 2 ^LP 



L 2 —*Lp 

(xr^^Go-zy^xy 



L 2 ^L 2 



L(dz) 



Now (2.34) follows from (2.36), (2.44) and the bound 



(2.44) 
(2.45) 

for z e Cy,, Imz / 0, with constants C, q > independent of h and z, where q = n \ — ^ . On 
the other hand, it is easy to see that (2.45) follows from (2.41) combined with (2. 38), (2. 42) and 
(2.43). □ 



(tfG-z)- 1 



L 2 ^LP 



< C7T 9 |Im; 
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3 L 2 — > L 2 estimates for the wave group 

Given a parameter < h < 1 and a real- valued function </? G Cq°((0, +oo)), denote 

$(t ; /i) = e aVB tp(hVG) - e i ' v/ ^(^(/i v / G^). 
We will first prove the following 
Theorem 3.1 Assume (1.1) fulfilled. Then we have 

\\®(t;h)\\ L 2^ L 2 < Ch, Vt, 0</i<l, (3.1) 
with a constant C > independent of t and h. 
Proof. We will derive (3.1) from the following 

Proposition 3.2 Assume (1.1) fulfilled. Then, for every s > 1/2 and every real-valued function 
if G Cq°((0, +oo)) the following estimate holds 



/oo , — 2 
(x)~ s e^if(hVG)f l2 dt < C||/||| 2 , V/ G L 2 , < h < 1, 

wit/i a constant C > independent of h and f. 
By Duhamel's formula 



we obtain 
where 



(3.2) 



ft Bin((t-r)V55) ye Wg^VG)dr, 
Jo yGo 

= $i(t;/i) + /i$ 2 (i;/i), 



(3.3) 
(3.4) 



$i(i;/t) = (y>i(/iVG) - ViC/iV^Go)) e i *^(/iv / G) 

+MhVG~o)e ltVU ° (<p(hVG) - <p(hy/Go)) 
-iipi(hy/Gb) sin (ty/G^j (<p(hVG) - (p(hy/G^)) 
+^i(/i v / G ")sin (tv^Go) (^(WG) - ^(fev^)) . 

$ 2 (t ; h) = - J <pi(hy/Gh) sin ((* - r) v / Go") Ve iTV ^<p{hVG)dr, 

where <pi G Cq°((0, +oo)) is a real-valued function such that </?i</? = £>(cr) = a<p(a), <pi(o~) = 
a^ 1 if\(a). For all nontrivial f,g G L 2 , in view of (2.31), (3.2) and (3.4), we have with < 
a - 1/2 < 1, V 7 > 0, 

\mt;h)f,g)\<0(h 2 )\\f\\ L2 \\g\\ L 2 
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+0(h) r {(x) s Ve iTV7S i p(h^G)f,(x)- s sm((t-T)VG^)^i(hVG~o)9 

J — oo 

< 0(h 2 )\\f\\ L 4g\\ L2 +0(hh (x)- s e^^(hVG)f 

J —oo 



dr 



L 2 



dr 



+0(/ i ) 7 ~ 1 [°° (x)- s sin (t^) ^{hy/G^g 

J — oo v ' 

^o^ii/ii^i^ii^+o^ii/iil.+o^h^ibiil^owii/ii^i^ii^, 

if we choose 7 = ||<7||l2 /||/||l2, which clearly implies (3.1). 



(3.5) 
□ 



Proof of Proposition 3.2. Denote by Ti the Hilbert space L 2 (R;L 2 ). Clearly, (3.2) is equiv- 
alent to the fact that the operator Ah '■ L 2 — > H defined by 

(A h f) (x,t) = (x)- s e it ^<p(hVG)f 
is bounded uniformly in h. Observe that the adjoint A* h : H — > L 2 is defined by 

A* h f= e'^ V (hVG)(xr s f(r,x)dr, 

J —00 

so we have, V/, g £ 7i, 



(A h A* h f,g) n 



{p(t,-),g(t,-)) L2 dt, 



(3.6) 



where 



/OO . — 

(x)-e i <t- T V G V ?(hVG)(x)-f(T,-)dT. 
-co 

Hence, for the Fourier transform, p(X,x), of p(t,x) with respect to the variable t we have 

p(X,x)=Q(X)f(X,x), (3.7) 
where Q(X) is the Fourier transform of the operator 

(x)- s e it ^ip 2 (hVG)(x)- s . 

On the other hand, the formula 

e itV ^^ 2 (hVG) = — r e itx tp 2 (hX) (R + (X) - IT (A)) XdX, (3.8) 

where 



shows that 



R ± (X) = lim (G - X 2 ± iey 1 : (x)- s L 2 (x) s L 2 , s > 1/2, 



Q(X) = (TTir l Xip 2 (hX)(x)- s (R + (X) - R~{X)) (xY 



(3.9) 



Note that the limit exists in view of the limiting absorption principle. Moreover, we have the 
following 
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Lemma 3.3 Assume (1.1) fulfilled. Then we have 
(x)- 1 / 2 ^R ± (X)(x)- 1 ^ 



< CA~\ A > A , 



for every Aq > 0, < e <C 1, with a constant C > independent of A. 



(3.10) 



Proof. The estimate (3.10) is well known to hold for the free operator Go, i.e. we have 



<x)-V^± ( A)<*)-V 2 - 



< C\-\ VA > 0. 



(3.11) 



L 2 ->L 2 

To show that it holds for the perturbed operator as well, we will take advantage of the identity 



(x)-R±{\)(x)-« (l + i^(A)) = (x)- s R±(\)(x) 



-S r>± I 



-si 



(3.12) 



where 



K±(\) = (xyWR±(\)(x}-». 
By (3.11), we have with 1/2 < 8l < 5 - 1/2, 

||^ ± (A)|| i2 _ +L 2 < CA^ 1 , VA>0. 

Hence, there exists Ao > so that we have 

(1 + A' ± (A))" 1 || l2 < Const, VA>A . 



(3.13) 



(3.14) 



Moreover, since G has no strictly positive resonances, (3.14) holds for any Ao > 0. Now (3.10) 

follows from (3.11), (3.12) and (3.14). □ 

By (3.9) and (3.10) we conclude 

\\Q(\)\\ L ^ L 2 <C (3.15) 
with a constant C > independent of A and h. By (3.7) and (3.15), 

||p(A,-)IU a <C||/(A,-)|| L2 , (3.16) 

which together with (3.6) leads to 

\{A h A* h f,g) H \ 



< C 



/OO 
{p(\,-),g(\,-)) L2 d\ 
-oo 

/oo 
Wf(\,-)\\v>\\gM\\L*d\ 
-oo 

/oo roo 
||/(A,-)ll| 2 rfA + C T - 1 / \\g(\,-)\\hd\ 
-oo J —oo 

= C 7 ||/|& + CT'hfn = 2C\\f\\ n \\g\\n, (3.17) 

if we take 7 = ||<7||h/II/IIW) with a constant C > independent of /i, / and 3. It follows from 
(3.17) that the operator AhA* h : TL — ► 7i is bounded uniformly in ft,, and hence so is the operator 
A h :L 2 ^ H. This clearly proves (3.2). □ 

In what follows in this section we will prove the following 
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Theorem 3.4 Assume (1.1) fulfilled. Then, for every real-valued function if G Cq°((0, +00)) 
and every < s < (n— l)/2, < e <C 1, we have 



(x)-"- e j tV5 <p(hVG)(s 



< C(t)~ s , Vt, < h < 1, 



(3.18) 



u/itt a constant C > independent of t and h. 

Proof. We will derive (3.18) from the following estimates 

Proposition 3.5 Assume (1.1) fulfilled. Then, for every real-valued function ip G C^°((0, +00)) 
anc? even/ < s < (n - l)/2, < e < 1, < /i < 1, we have 



f 

j — i 



2s 



(x)- 1 / 2 - s - e e^(VG)(^)- 1/2 - s - 
(a;)- 1 / 2 - s - e e i ' v/S v'(/iv / G)(x)- 1 / 2 - s -7 



< C{ty s , Vt, (3.19) 
^<C||/||| 2 , V/£L 2 , (3.20) 



2 

L' 2 



with a constant C > independent oft, h and f. 



We will first show that (3.18) with < s < (n - l)/2 follows from (3.18) with s = (n - l)/2. 
To this end, consider the operator-valued function 



P(z) = (t) z {x)- z - e e ity/ °<p(hy/G){x)- z - e , z G C. 

Clearly, P(z) is analytic in z for Rez > with values in C{L 2 ) and satisfies the trivial bounds 

\\P{z)\\ L 2^ L 2 < C(t) Rcz , < Rez < (n- l)/2. (3.21) 

On the other hand, supposing that (3.18) holds with s = (n — l)/2 implies 

||PWII L2 ^ 2 <C (3.22) 

on Rez = and Rez = (n — l)/2, with a constant C > independent of z, t and h. It follows 
now from (3.21), (3.22) and the Phragmen-Lindelof principle that (3.22) holds for < Rez < 
(n — l)/2, which is the desired result. 

Using (1.1), (2.1) and (2.28), we obtain 

< 0{h 2 ) \{x)-^l 2 -^{t-h){x)- s ^f\ L2 +0(^)<t)-l/|| L2 , V/ G L 2 , (3.23) 
for all si > s > 0. Using (1.1), (2.1) and (3.20), we have V/, g G L 2 , with s = (n - l)/2, 

(ty ((x)- a -^ 2 (t;h)(x)-''- 1 ^- e f,g) 



dr 



< (tyj Q |((x)- s -^ 1 (/ lV ^)sin((t-r)v / ^)Ue-^(/ l v / G)(x)- 1 / 2 - s -7,ff 

ft/2 

<c (t-T) s {xy^^e^-^vihVG^xy 1 / 2 - 3 -^ 

Jo 
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L 2 



L 2 



dr 



9 

2 

L 2 
2 

L- 

2 



I? 
(It 

(It 

(It 



dr 



+C [ t/2 {x)~ l - e e tTV ^^{hy/G){x)- l / 2 - s - e f 
Jo 

X(t- T) S I sin ((t _ T )^) ^(/^/^(x) — 

/oo 
(r) 2s (x)- 1 ^'- e e*^<p(hVG){x)- 1 / 2 - a -*f 
-OO 

/OO , v 

(x)-( 1+£ )/ 2 sin (rv^)^i(fev^)(x)— e p 
- OO ^ ' 

/OO , — 
(r) 1+e (x)- 1 - £ e i(t - r) ^v9(/iVG)(x)~ 1 /2-s-e / 
-OO 

<C7||/||! 2 + C 7 - 1 || ff ||| 2 =2C||/|U 2 y| i2 , (3.24) 
if we take 7 = IMIls/II/IU 3 - By (3.4), (3.23) and (3.24), we obtain (with s = (n - l)/2) 



<0(/i 2 ) (x)-( n+1 )/ 2 - £ $(t;/i)(x)- s - 1 / 2 -7 + 0(/i)(t>~ 



L 2 - 



(3.25) 



Hence, there exists a constant < ho < 1 so that for < h < ho we can absorbe the first term 
in the RHS of (3.25), thus obtaining the estimate ( for < h < ho) 



(x)-'- e $(t;h){x 



-1/2-s-e 



< Ch(t)- S . 



(3.26) 



Let now ho < h < 1. Without loss of generality we may suppose /i = 1. Then, by (2.1) and 
(3.19), the norm in the first term in the RHS of (3.25) is upper bounded by C(t)~ s \\f\\ L 2, which 
again implies (3.26). By (2.1) and (3.26), we have 



<z>- 



JtVG 



ip(hVG){x)-^ 2 - s - e 



< c(ty 



Vi, < h < 1, 



(3.27) 



where s = {n — l)/2. By the same interpolation argument as above, we conclude that (3.27) 
holds for all < s < (n — l)/2. We will show now that this implies (3.18) with s = (n — l)/2. 
To this end, we will proceed in a way similar to that one in Section 3 of which is based on 
the commutator relation 

-2A + [rd r ,A] = 0, (3.28) 
where r = \x\ is the radial variable. In the same way, one can show that (3.27) implies 



<*)- 



e V r e 



uVg 



ipihVG)^)- 1 ' 2 - 3 -' 



< C(t)- S , Vi, < h < 1, 



(3.29) 



for all < s < (n — l)/2, where T> r := (r) 1 rhd r . Furthermore, by Duhamel's formula and 
(3.28), we have the identity 



<Pi 



(hVG)[rd r ,e itv ^]ip(hVG) = i(p x (hyfG) 



sin 



(Wg) 



G 



<-d r ,y/G\y{h<jG) 
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rt sin Ut - T)y/G) . m 

Jo VG 

sin (tVG) 

= i(p!(hVG) V i rd ^ V^k(WG) 



G 



/■* sin ((t - t)Vg) . m ^_ 

/ wQiVG) ^ = '- (2G -2V + rd r V - Vrd r ) e trVG ip(hVG)dT 

Jo VG 



i<P!(hVG) V J rd r VGip(hVG) - iip^hVG) sin UVg) rd r <p(hVG) 

+ite + 2i sin 



/■t sin ( (i — r)\/G) ^- ^_ 

- / tpiihVG) ^ = J - (-V + d r rV - Vrd r ) e iTV ^^(hVG)dT, 

Jo VG 

where the functions ip and ip\ are as above. Set ip 2 {o) = a^ 1 ip(a), <pi(a) = a~ 1 ipi(a). From the 
above identity we get (with s = (n — l)/2) 

it(x)- s - e e itVG (p(hVG){x)- s - e = -2i/i(x)~^ e sin (*Vg) y 2 {h\fG){x)- s - e 

+i(xy s ~ e ip 1 {hVG) sin (tVG) (2?; + 0(h))(x)' s+1 ' € ((x) s+ V(^v / G)(x)^ s - e ) 
-i(x)- s -Vi(/iVG)sin (tVG) (V; + 0(h)){x)- 8+1 - e ((x) s+e <p 2 {hVG){x)- s - e ) 
+ ((x)- s -Vi(^VG)(x) s+e ) {x)- s+1 - e V r e itV ^ V2 (hVG)(x)- s ' e 
+ (x)- s - € ( Pl (hVG)e itVG (V* r + 0(/i))(x)- s+1 - e ((a;) s+ V2(^VG)(^) _s_e ) 
+h 2 j\x)- s - e vi{hVG) sin ((t - t)Vg) Ve iTVU ip 2 (hVG)(x)- s - € dT 
+h j^xys-^^hVG) sin ((* - t)Vg) {V; + 0(h)){r)Ve lTV ^^ 2 (hVG)(x)- s - e dT 

+h ^(xy-^hy/G) sin ((t-r)VG) F(r)P r e ir ^ 2 (WG)<x)- s - e dT. (3.30) 

By (2.27), (3.27) and (3.29), we have that the L 2 — > L 2 norm of each of the first five terms 
in the RHS of (3.30) is upper bounded by 0({t)~ s+1 ). In the same way, taking into acount 
(1.1), one can easily see that the I? — > L 2 norm of each integral in the RHS of (3.30) is upper 
bounded by 0((t)~ s+1 / 2 ). Thus, (3.30) implies (3.18) with s = (n - l)/2, and hence with all 
< a < (ra - l)/2. □ 

Proof of Proposition 3.5. We will derive (3.19) from the following 



15 



Lemma 3.6 Assume (1.1) fulfilled and let < s < (n — l)/2. Let also m > denote the bigest 
integer < s and set \i = s — m. Then, the operator-valued function 

TZf(X) = X(x)- 1 / 2 - s - e R ± (X)(x)~ 1 ^ s ~ e :L 2 ^L 2 

is C m in X for A > ; d™lZf is Holder of order n, and satisfies the estimates 



<C, A > A , < j < m, 



L 2 ->L 2 

||^ S ± (A 2 ) - d^ i Tlf(Xi)\\ L 2_ tL 2 < C\X 2 - A^^, A 2 > Ax > A , 
for every Xq > 0, with a constant C > independent of X, Ai and A 2 . 



(3.31) 
(3.32) 



Proof. We will derive (3.31) and (3.32) from the fact that for every integer j > the 
operator-valued function 



K± ta (\) = \{x)-V*-'- ^(AXx)- 1 /*- 
is C J in A if s > j, and satisfies the bound 



:L 2 



L' 2 ^L' 2 



< Cj, VA > 0. 



(3.33) 



Let s, m and fj, be as in Lemma 3.6. We will show that (3.33) implies 



L 2 -L 2 



<C|A 2 -Ai|", A 2 >Ai>0. 



(3.34) 



d?K± s {X 2 ) - dTU^iXr) 

To this end, fix A 2 > Ai and consider the operator-valued function 

V± (z) = |A 2 - X,r (d?K± z (X 2 ) - ap2j,(A!)) , z € C. 

In view of (3.33), V±(z) is analytic in z for Rez > with values in C{L 2 ) and satisfies the 
bounds 

\\V±(z)\\ L2 ^ L 2 < d, 0<Rez<l, (3.35) 

with a constant C\ > independent of z but depending on Ai and A 2 , while on Rez = and 
Re z = 1 we have a better bound 

I|P±(*)IIl^l* < C, (3.36) 

with a constant C > independent of z, Ai and A 2 . By (3.35), (3.36) and the Phragmen-Lindelof 
principle we conclude that (3.36) holds for < Rez < 1. In particular, it holds for z = fx, which 
proves (3.34). 

To prove (3.31) we differentiate j times the identity (3.12) to obtain 



dXi 
where 



± / s d^V ± i A k T? ± d^~ k K ± 

L(x) (i + K? W ) = ^(A) - e M*r i+k ^w<*r s+k t^w, (^) 

k=0 



Kf{X) = (x) 1/2+j+e VR^(X)(x)- 1 / 2 - j ' e , < j < (n - l)/2. 
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As in the proof of Lemma 3.3 above, we conclude that (3.14) still holds for K^{\). Therefore, 
(3.31) follows from (3.37) combined with (3.10) by induction in j. 
To prove (3.32) observe that (3.37) leads to the identity 



dX r - 



- ^ A^r m+fe ^r(Ai) (-)- m+fc ^r^(A 2 ) - (*r m+k -^ (Ai) 



fc=0 



m— 1 



E A(-)~ m+fc ( ^(A 2 ) - ^(Ai) ] (^)- m+fc ^z^ (A 2 



fc=0 



d\ k 



d\ r ' 



(3.38) 



As above, one has that (3.14) still holds for K±(\ 2 ), so one can easily derive (3.32) from (3.31), 
(3.33), (3.34) and (3.38). □ 



We are going to use (3.8) with h = 1 and ip 2 replaced by tp. Set 

T(A) = T+(A) - T-(A), T±(A) = (iri^HfiX), 



(3.39) 



and choose a real-valued function (f> G Co°([l/3, 1/2]), > 0, such that / 4>(a)da = 1. Then the 
function 

T±(A) = 0" 1 Jt ± (X + (j)(t)(a/9)da, < < 1, 
is C°° in A with values in C{L 2 ) and, in view of (3.31) and (3.32), satisfies the estimates 

\\d{T±(\)\\ L2 _ L2 <C, 0<j<m, (3.40) 

\\d?T±(\) - 3™T ± (A)|| L 2_ +L 2 < 0" 1 1 \\e?T±{\ + a) - 9™T ± (A)|| L 2^ L 20(cr/6 , )(i(T 



< C^ -1 / ^(p((T/0)d(j < C9 11 , 
KT±(A) - 5{T ± (A)|| L 2_ +L 2 < C0, < j < m - 1, 
d? +1 T±(\)\\ L ^ L2 <9- 2 J \\d?T±{\ + e)-d?T±{X)\\ L ^ L .\<t>>{o/e)\do 

Integrating by parts m times and using (3.41) and (3.42), we get 

e ux p(X) (T±(A)-T ± (A)) d\ 



(3.41) 
(3.42) 

(3.43) 



L 2 ^L 2 



/ 



oo Am 



t -m / g itA 



d\ r ' 



(<p(\) (T±(A)-T ± (A)))dA 



L 2 ^L 2 



(3.44) 



Similarly, integrating by parts m + 1 times and using (3.40) and (3.43), we get 

/ e^V(A)T±(A)dA 
Jo 
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r 

t -m-l 

JO 

By (3.44) and (3.45), 



dX m+l 



(p(A)T±(A)) dX 



< ce- 1+ ^\t\- m - 1 . 



e itx ^(X)T(X)dX 



< ce"i*r m (1 + 1*!-^- 1 ) < c\t\- 



m—fi 



(3.45) 



(3.46) 



if we take 9 = \t\ 1 , which clearly implies (3.19). 

In what follows in this section we will derive (3.20) from Lemma 3.6. Let < s < (n — l)/2 
and let m > be the bigest integer < s. Remark that the function d™lZf satisfies (3.32) with 
fi = s — m + e/2. Consequently, the estimates (3.41) and (3.43) are valid with /j, = s — m + e/2. 
Let 4>+ e C°°(R), 4>+(t) = for t < 1, 4>+(t) = 1 for t > 2. Given any function / G L 2 , set 



We have 



u (t ; /j) = (x)- 1 / 2 - s -^+(i)e i *^(/iv / G)(x)- 1 / 2 - s -7. 

+ G) (x)^ 2+s+e u{t; h) = 2h- l <l)' + {t)e itVU ${hVG)(xy 1 l 2 - s -'f 

+0l(t)e lt ^<p(hVG)(x}- 1 / 2 - s - e f =: h- 1 {x)- 1 ' 2 - s - e v{t- h), (3.47) 

where <p(cr) = a if (a). Clearly, the support of the function v(t; h) with respect to the variable t 
is contained in the interval [1,2], and by (2.27) we have 



\v(t-h)\\ L 2<C\\f\\ L2 , l<t<2, 



(3.48) 



with a constant C > independent of t, h and /. Using Duhamel's formula we deduce from 
(3.47), for t > 0, 

u(t; h) = J* (x)- 1 ^- 8 - e ip 1 (hVG) sin ((i - t)Vg) (x) _1 / 2 - a - e «(r; h)dr, (3.49) 

where the functions (pi and <J5i are as above. It follows from (3.49) that the Fourier transforms 
of the functions u(t; h) and v(t; h) satisfy the identity 



u(X;h) = Q + (X)v(X;h), 
where Q + (X) is the Fourier transform of the operator 

(xyW-'-'ip^hVGfr+it) sin (t^G) {x)- l ' 2 - s -\ 
rf + being the characteristic function of the interval [0, +oo). It is easy to see that 

Q + (X) = B(h)T + (X), 

where the operator 

B{h) = {xr^-s-'^ihVG)^) 1 ' 2 ^ :L 2 ^L 2 



(3.50) 



(3.51) 
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is bounded uniformly in h in view of (2.27). Set Q+(A) = B{h)T+(X) and define the function 
u$(t; h) via the formula 

u e (X;h) = Q+(X)v(X;h). 

Using (3.40)-(3.43) (with ji = s — m + e/2) together with the Plancherel identity and (3.48), we 
obtain 

/OO roo 
\t\ 2m \\u e (t; h) - u(t; h)\\ 2 L2 dt = / ||9HMA; >0 " h))f L2 dX 
-CO J —CO 



dX 



\1m-1k\ 



P OO 

<^E to e + (A) - d k x Q+(X)) dr k v(x- h) 
k=o J -°° 

m POO 2 m /"OO 

< ce 2 " ]T / 5™' fc ?)(A; /i) 2 dx = ce 2fl \ f 

k=o J -°° L k=0 J '°° 

<ce^j"\\v(t;h)\\l 2 dt<ce^\\f\\ 2 L2 , 

with a constant C > independent of /i, # and /. By (3.52) we get, \/A > 1 

/ |Mt;/i) -u(t;h)\\ 2 L ,dt < CA- 2m d^\\f\\ 2 L2 . 

J A 

In the same way, we obtain 



v(t;h)\\ 2 L2 dt 



t\ 2m+2 \\u e (t;h)f L2 dt= I \\d™ +L u e {X;h)\\vd\ 



m+1 

<C£ / ^Q+(A)^ +1 -^(A;^ 
fc=o J -°° 



OO 

m+1 , , 



L 2 



dX 



/OO 
. . , -oo 



0771+1 — fc 



L 2 



u(A;/i) 
2 "' +2 - 2fe ^(t;/ i )||| 2 ^ 



2,4 



(3.52) 



(3.53) 



k=0 
m+1 

= ce- 2+2 » J2 / 1*1 

k=o J -°° 

< C9- 2+2f " j* \\v{t;h)\\ 2 L2 dt < Ce~ 2+2 »\\f\\ 2 L2 , (3.54) 
with a constant C > independent of /i, and /. By (3.54) we get, \/A > 1, 

\u e (t;h)\\ 2 L2 dt < CA- 2m - 2 6- 2+2 »\\f\\ 2 L2 . (3.55) 

Combining (3.53) and (3.55) leads to 

^ |t| 2s ||«(t;^||| 2 dt<C^-^(l + A- 2 ^- 2 ) ||/||! 2 <CA- e ||/|| 2 2 , (3.56) 

if we choose 9 = A^ 1 , where s = m + n — e/2. By (3.56), for every integer k > we have 

2 k+i 

|t| Jto ||«(t;fc)|li a cft<C2- e *||/||i a . (3.57) 
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Summing up (3.57) leads to 



i; 



t\ 2s \\u(t;h)\\l 2 dt<C\\f\\l 2 . 



(3.58) 
□ 



It is easy to see now that this implies (3.20). 

4 Proof of Theorem 1.1 

It is easy to see that Theorem 1.1 follows from the following 

Theorem 4.1 Assume (1.1) fulfilled. Then, for every a > 0, 2 < p < +oo ; we have the 
estimates 

||$(t; h)\\ LP >^ LP < C7i 1-an |*r a(n ~ 1)/2 , Vt ^ 0, < h < 1, 
where l/p+ 1/p' = 1, a = 1 — 2/p ; and, V0 < e <C 1, 



§{t-h){x)~ a{n l 2+ ^ 



L?->LP 

with constants C, C e > independent oft and h. 
Indeed, using the identity 



< c^ 1 -""/ 2 ^-^- 1 )/ 2 , 7^ 0, < h < 1, 



(4.1) 
(4.2) 



Jo 

where ip(o) = a 1 -^^' 2 ^ a {a) G Cg°((0, +oo)), we get 

\e itV ^(VG)- a{n+1)/2 Xa (VG) - e u ^(VGo~r a{n+1)/2 Xa(VGo~) 

< f 1 ||$(t; ,y . p e a ( n+1 )/ 2 - 1 cW < Cltr^"- 1 )/ 2 O-^-Wffl < C\t\- a ^ n - 1 ^ 2 , (4.3) 
JO JO 



as long as a(n — l)/2 < 1, that is, for 2 < p < 2 ( n . In the same way, we have 



e^(^)- a (" +1 )/ 2 Xa (VG)(x)^( n / 2+£ '-e !i ^(^)- a ( n+1 )/ 2 x fl (^)(x)~ a(n/2+ 







< $(t;0)(x)~ o(n/2+e) e a(n+1)/2_1 d(9 < Cltl-^ 1 )/ 2 f 1 9 a / 2 d9 < C\t\- a(n - 1)/2 , 



(4.4) 

which implies (1.4). Furthermore, taking <p(a) = a 1 a(n ^x^cr), since < a < 1, we obtain 

< ||$(t; 0)|| rp/^ a(n " 1)_1 d0 < Clir^"- 1 )/ 2 f 1 6~ a d6 < C\t\- a( - n ^/ 2 , (4.5) 
Jo Jo 

which implies (1.3). 

Proof of Theorem 4-1- By standard interpolation arguments, it suffices to prove (4.1) for 
p = +oo, p' = 1 and p = p' = 2, and (4.2) for p = 2 and p = +oo. The L 2 — > L 2 estimates 
follow from Theorem 3.1. The estimate (4.2) with p = +oo, a = 1, follows from the following 
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Proposition 4.2 For every t ^ 0, < h < 1, < e <1, we /iave 



-(ra-l+e)/2 



< c/iWa^-cn-i)^ 



(4.6) 



^CTi 2 



with a constant C > independent oft and h. 

Proof. Using (3.4) together with (2.3), (2.28) and (2.31), we obtain V/ e L 2 , g£ L 1 

'$(t;h)(x)-( n - 1+ ^ 2 f,g 

mh)(x)^ n - 1+ ^ 2 f\\ Loc I^IIli+c/i 1 -"/ 2 !*!-^- 1 )/ 2 !!/!^^^! 

+ChJ* ^(hy/Go) sin ((t - r)y/Go) Ve tTV ^ip(hVG)(x}- (n ' 1+e y 2 f,g)\ dr. 
Denote by A(t) the integral in the RHS of (4.7). In view of (2.4), (3.2) and (3.18), we have 

| t |(n-l)/2 A(t) < C / ( x )-(l+^)/2 e -v / G (/ , (/lV ^ )(x) -(n-l+e)/2 / 

JO i2 

X | t _ r |(«-l)/2 j( x )-(n+e)/2 sin ^ _ t) ^Q^ fa (h^/G~ )g\\ ^ dr 

+C / t/2 | t _ T |(«-l)/2 { X )-^+e)/2 e i{t-r)VG^ h ^ ){x) -{n-l+e)/2 f 
JO 

x (x)" 1 ^ sin (ry/G^j <fi (h v r G^)g dr 

/OO . — 
(x)-( 1+e )/ 2 e irv ^v?(/iv / G)(x)-( n - 1+e )/ 2 / 
-oo 



(4.7) 



L 2 



+ c^f 



oo 

'OO 



t - T 



\n-l 



in-1 



-(n+e)/2 



sin (ry/G^j ipi(h\/G~o~)g 



L 2 



dr 



^y { n-l+e)/2 e i(t-r)VG (p ^ h ^Q^ x y(n-l+e)/2 f 



L 2 



dT 



L 2 



<C7||/|ll 2 + C7- 1 / i - n ||5ll!i=2C/ l " n / 2 ||/|| L2 ||< 7 || il , 
if we take 7 = h- n / 2 \\g\\ L i /\\f\\ L 2. By (4.7) and (4.8), we conclude 



dT 



(4.8) 



$(t;h)(x) 



-(n-l+e)/2 



<C7l 2 



$(t;/i)(x)~^ 1+e )/ 2 / 



+C/i 1 ~ n / 2 |tr( n - 1 )/ 2 ||/|| L 2, V/ G L 2 , < h < 1. 



(4.9) 



Hence, there exists a constant < ho < 1 such that for < h < ho we can absorbe the first 
term in the RHS of (4.9), thus obtaining (4.6) in this case. Let now ho < h < 1. Without loss 
of generality we may suppose h = 1. Then, the only term we need to estimate is 



(^i(VG) - MVG~o)) e u ^ip(VG)(x)-^- 1+ ^/ 2 f 
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By (2.34) (with p = +00, h = 1), the operator 

(y>i(VG) - MVG~o)) (x) S :L 2 ^L°° 
is bounded. Thus, the problem is reduced to estimating the norm 

L 2 

which in view of Theorem 3.4 is upper bounded by C^-C"- 1 )/ 2 ||/|| £a . This completes the proof 
of (4.6) for all < h < 1. □ 

We will now establish the estimate 

\Mt;h)\\ Ll _ Loo < Ch 1 ^-^- 1 ^ 2 , 0<h<l. (4.10) 

By (2.2) and (2.31), we obtain 

\mt-,h)f\\ LOO ^c^i^^^/ii^ + c/i-^- 3 )/ 2 !^-^- 1 )/ 2 !!/!!^, v/a 1 . (4.n) 

On the other hand, we have 



\t\ (n ^/ 2 \(^ 2 (t;h)f,g)\ 

< l^"- 1 )/ 2 jf* |(^i(fev^) sin ((t - r)VGo) V <p(hy/G) f , 5 

< C / (x)- (1+e)/2 e irv ^99(/ lV / G)/ 

JO L 2 



dr 



x | t _ r |(n-l)/2 
r t/2 



+C 



»i-l)/2 



( x )-(.»+eV2 e i(.t-'r)VGE (p (h y / Go )f 



/ |*-r|( 
•/ 

x |(x)-( 1+e >/ 2 sin(rv^)^i(/»V^)l7 
•/ 



L 2 



L 2 



L 2 



l)/2 



(x)-( n " 1+e )/ 2 $(t-r;/i)/ 



L 2 



/OO 
(^-(i+^gW^WG)/ 
-00 



L 2 
2 



L 2 



dr 



(z)-( n+e )/ 2 sin (rv^) <pi(hVG^)g 



/■c 

+c 7 / 

J — I 

(x)-( 1+e )/ 2 sin (rv^o") <Pi(hVG^)g 

-OO V 7 

/OO 
(r)- 1 "^ - r\ n ' 1 (x)-( n - 1+e V 2 <S>(t - r; h)f 
-00 



L 2 



dr 



dr 
.dr 



L 2 



dr 
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dr. 



L 2 



2 

L 1 • 



+C7- 1 r (r) 1+e (a)- 1 "' sin Uy/G^) <p 1 {hy/G~ Q ) 
J —00 

Observe that by (3.2) and (2.33) we have 

/°° / — 2 
{x)- {1+e)/2 e iT ^p(hVG)f 2 dr < C7T 
-00 ^ 

By (2.4), (4.6), (4.12) and (4.13), we obtain 

|t| (n - 1)/2 \(Mt\h)f,g)\ < ^-"Il/Hl, + Cr'h^WgWh = 2C/i-"||/|| £ i|| 5 || L i ! 
if we take 7 = and hence 

\\*2(t;h)f\\ LOO < Ch- n \t\-^' 2 \\f\\ L ^ VfeL\0<h<l. 
By (3.4), (4.11) and (4.14), we conclude 

\Mt; h)f\\ Loo < Ch 2 \\$(t; h)f\\ Loo + Ch}- n \t\-^/ 2 \\f\\ L ^ V/ G L\ < h < 1. 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



Hence, there exists a constant < /io < 1 such that for < ft, < ho we can absorbe the first 
term in the RHS of (4.15), thus obtaining (4.10) in this case. Let now ho < h < 1. Without loss 
of generality we may suppose h = 1. Then, the only term we need to estimate is 



(v>i(VG) - ^i(v^)) e^(VG)/ 



As above, using (2.34) (with p = +00, /i = 1), we reduce the problem to estimating the norm 



(x) 



-SJtVG 



<*P 



L2 ' 



which in view of Proposition 4.2 and (2.3) is upper bounded by C\t\-^~^l 2 ||/|| L i. This com- 
pletes the proof of (4.10) for all < h < 1. □ 
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